Necessary and sucient conditions for the existence of an entry-wise nonnegative 5 Â 5 matrix A with spectrum r are presented. Ó
Introduction
Given a list r k 1 Y F F F Y k n of complex numbers, the nonnegative inverse eigenvalue problem (NIEP) asks for the determination of necessary and sucient conditions for the existence of an entrywise nonnegative n Â n matrix A with spectrum r. In this paper the problem is solved for n 5 in the``trace zero'' case, that is, when k 1 Á Á Á k 5 0. Previous results on this problem for small' matrices include the case n 3 (without further restriction) by Loewy and London [3] , n 4 and r a list of real numbers also by Loewy and London [3] , n 4 and k 1 k 2 k 3 k 4 0 by Reams [6] . Several other special cases of the NIEP for n 4 have also been resolved by Reams [5] . For more results on the NIEP see [1, 4] .
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An inequality
We now consider the NIEP for n 5 when the sum of the ®ve complex numbers is zero. So let r k 1 Y k 2 Y k 3 Y k 4 Y k 5 ) be a list of complex numbers. De®ne
and assume s 1 0. We wish to determine necessary and sucient conditions so that there exists a nonnegative 5 Â 5 matrix A with spectrum re r. Suppose that such an A exists. Then,
Note that since A is entrywise nonegative, s k P 0 for all k. Since s 1 0, all the diagonal entries of A are zero. In this section we prove the following theorem. (since by our choice of notation, the 3-cycles involved in y i are made from the symbols complementary to the symbols forming the 2-cycle in x i ). Hence in 12s 5 À 5s 2 s 3 we get the term x 1 y 1 x 2 y 2 Á Á Á x 10 y 10 with coecient À30.
Consider now a product x i y j where i T j. Suppose that x i corresponds to the 2-cycle term generated by the symbols f1Y 2g, so y j corresponds to the terms generated by the symbols fpY qY rg, where fpY qY rg contains at least one symbol of f1Y 2g. 
The same arguments apply with symbols 1 and 2 replaced by p, and q, respectively. Hence, ( P because we have excluded the 5-cycles).
We are supposing that 12s 5 À 5s 2 s 3`0 . Then,
jT iYj1
x i y j X 2X1 Let x 1 be the maximum of x 1 Y x 2 Y F F F Y x 10 and suppose that
Now the right-hand side of (2.1) contains x 1 y 2 Á Á Á y 10 y 1 x 2 Á Á Á x 10 . But,
However, this says that the right-hand side of (2.1) is greater than or equal to the left-hand side which is false. Hence, we have proved. tep 1: If 12s 5`5 s 2 s 3 and x 1 is the maximum of
We now analyse 4s 4 À s 
x 3 x 8 x 4 x 5 x 4 x 9 x 5 x 10 x 6 x 8 x 6 x 9 x 7 x 9 x 7 x 10 x 8 x 10
x 4 x 9 x 5 x 10 x 6 x 8 x 6 x 9 x 7 x 9 x 7 x 10 x 8 x 10 X Note that each negative term x p x q has either p or q in {3,4,7,8,9,10} and all the negative terms arise in the expansion of
we get that x 1 x 3 x 4 x 7 x 8 x 9 x 10 P the sum of the terms x p x q occurring with negative signs. Hence,
Hence we have established.
(It is worth noting that the pairing o of the negative terms x p x q with positive terms x r x s with s P {3,4,7,8,9,10} is crucial for the inequality. For example, if say x 5 x 6 arose with a negative sign, the argument would fail. The pairing property is possible precisely because the Petersen graph 10 has no 3-cycles. If one added an additional edge to 10 , it would have caused a 3-cycle to be created, so the argument would have then failed.) We now return to X 12s 5 À 5s 2 s 3 5s 3 4s 4 À s 
Main results
The following theorem completely solves the NIEP for n 5 when the sum of the ®ve eigenvalues is zero. 
The characteristic polynomial of e is
The Newton identities state that k nÀk s 1 nÀk1 s 2 nÀk2 Á Á Á s k n 0 for k 1Y 2Y F F F Y n where px n x n nÀ1 x nÀ1 Á Á Á 1 x 0 with n 1 is a monic polynomial with zeroes k 1 Y k 2 Y F F F Y k n including multiplicities and 
